ABSTRACT -By using the eigenfunction expansion technique and the weak form of the governing equations for prismatic sectorial domains composed of piezoelectrics and air, an onedimensional finite element procedure is formulated for computing the eigensolutions of the electromechanical field problem. Generalized displacement and electric potential are taken to be the 
INTRODUCTION
Piezoelectrics have been extensively used in sensors, actuators, resonators and intelligent structures.
Reliable service lifetime predictions of piezoelectrics components demand a complete understanding of their fracture processes. In this light, a large amount of analytical works have been devoted to cracks inside homogeneous piezoelectrics, interfacial cracks between dissimilar piezoelectrics and cracks terminated at the interfaces of dissimilar piezoelectrics (Parton 1976; McMeeking 1989; Pak 1990; Sosa & Pak 1990; Kuo & Barnett 1991; Sosa 1992; Suo, Kuo, Barnett & Willis 1992; Dunn 1994; Hao & Shen 1994; Park & Sun 1995; Qin & Yu 1997) . Apart from the three conventional modes of fracture characterized by various relative displacement modes of the crack faces, there exits the fourth mode of fracture featured by non-zero electric potential and singular electric field. In most of the cited works, the crack face boundary conditions were often assumed to be traction-free and charge-free. While the traction-free condition is standard for opening cracks, the charge-free assumption has attracted considerable debates. The condition is the intrinsic property of the so-called impermeable cracks through which the electric flux cannot pass.
Strong electric field concentration is found at the crack tip and gives rise to the fourth eigensolutions. The impermeable assumption is rationalized by the relative magnitudes of the permittivities of air and piezoceramics. The ratio is of the order 10 ~ 1000. On the other hand, the crack angle is very small and air is indeed permeable. For a sufficiently small crack angle, it is argued that the air gap or the crack can be practically conducting and the crack faces are equipotential. Needless to say, the permeable condition which takes into account of the crack angle and air permittivities is most realistic. Unfortunately, it poses considerable complications to the analytical treatment and, thus, is least employed. Analytical treatments for conducting and permeable cracks were presented by Dunn (1994) as well as Hao & Shen (1994) .
Identification of the eigensolutions is always the fundamental step for understanding the fracture process. In this context, Sosa & Pak (1990) employed the eigenfunction expansion technique introduced by Hartranft & Sih (1969) to study impermeable cracks embedded in transverse isotropic piezoelectrics. With the Stroh's formalism and the notion of surface impedance tensor, Kuo & Barnett (1991) investigated impermeable and conducting interfacial cracks in bonded dissimiliar piezoelectrics. More recently, Qin & Yu (1997) also employed the Stroh's formalism to study impermeable cracks terminated at the interfaces of bonded dissimiliar piezoelectrics. To make the derivation tractable, the concept of axial conjugate was introduced.
Like most engineering problems, derivation of analytical eigen-solutions is limited to very simple configurations and requires a high level of mathematical competence. Naturally, numerical methods for determining eigen-solutions on have been proposed. For instances, Yamada & Okumura (1983) employed the virtual work principle and a singular transformation technique with which the displacement of the devised sectorial finite elements become proportional to a certain power of the radial displacement from the crack tip. The same approach was later adopted by Pageau & Biggers (1996) for bimaterial systems making up of anisotropic materials. Gu & Belytschko (1994) derived a stress function-based and a displacement-based methods which result respectively in a fourth and a second order characteristic matrix equations. On the other hand, Yosibash & Szabo (1995) proposed the Steklov methods which again assume the same asymptotic form of the displacement. The methods start with a weak form of the homogeneous equilibrium equations and result in a linear characteristic matrix equations. Sze & Wang (2000) also devised a simple finite element formulation with which convergence can be yielded either by h-or prefinement. However, all of the above works are restricted to conventional materials and have never been extended to piezoelectric or other reactive materials.
In this paper, the previously devised finite element procedure for eigenfunction analyses of conventional materials (Sze & Wang 2000) will be generalized to piezoelectric materials. Moreover, air as permeable, impermeable or conducting medium is also considered. Same as most, if not all, analytical works on subject matter, we shall restrict to edge singularities in which the field variables are proportional to certain power of the perpendicular distance from a straight edge. Vertex singularities (see, e.g., Bazant & Estenssoro 1979 , Benthem 1980 , Pageau 1995 in which the field variables are proportional to certain power of the distance from a vertex point will not be considered. The computed results are in good agreement with their analytical counterparts if any.
STRONG FORMULATION FOR PERMEABLE NOTCH IN PIEZOELECTRICS
Piezoelectric effects were first discovered in 1880 by the Curie brothers. The production of an electric potential gradient by mechanically straining a piece of piezoelectric material is called the direct piezoelectric effect. The converse effect, whereby a mechanical strain is produced by subjecting the material to an electric field, also exists. The effects can be expressed as :
in which , D, ⑀ and E are the vectors of stress, electric displacement, strain and electric field components, respectively. Moreover, C, e and ʦ are the elasticity, piezoelectric and permittivity matrices, respectively. The electric displacement is, perhaps, best defined by the surface charge density which is the dot product of the electric displacement and the unit outward normal vector to the surface.
Figure 1 shows a prismatic sectorial domain in which subdomain
A Ω is an air notch, subdomains and are piezoelectric materials. Furthermore, air is considered as a permeable medium.
Under the cylindrical coordinates (r-θ-z), the governing equations for the electromechanical eigenanalysis are given below : 
(c2) charge balance rule :
(c4) traction-free conditions :
(c5) charge-reciprocity conditions : 
in which , and are the radial, circumferential and longitudinal displacements, respectively. r u u θ z u (c7) electric field-electric potential relation :
where is the permittivity of air and C are self-defined. 
WEAK FORMULATION FOR PERMEABLE NOTCH IN PIEZOELECTRICS
With conditions (c6) to (c8) taken as the subsidiary conditions which are satisfied as a priori, stress, strain, electric displacement and electric field are derived from displacement and electric potential. By further constraining (c9) or, equivalently, requiring the displacement and electric potential to be compatible, the following integral equation is the weak form of the remaining governing equations ( (c1) to (c5) ) :
where δ is the variational symbol. It can be seen that δφ enforces (c2) and (c5) whereas δu enforces (c1), (c3) and (c4). By invoking the divergence theorem, see Appendix A, the above weak form can be expressed as:
It appears that a functional from which Eqn.(3) can be derived does not exist. With and D expressed in terms of ⑀ and E via (c8), it can be seen that the weak form is not symmetric with respect to (⑀,E) and (δ⑀,δE). In other word, the weak form is not self-adjoint.
F.E. FORMULATION FOR PERMEABLE NOTCH IN PIEZOELECTRICS
The weak form in Eqn.(3) can be generalized to include more subdomains and, thus, is applicable to finite element discretization. Following the previous analytical works on eigen-solution analysis of piezoelectrics (e.g. Sosa & Pak 1990; Kuo & Barnett 1991; Qin & Yu 1997) , eigensolutions for the displacement and electric potential are assumed to possess the parametric forms below : 
in which " " and " " designate the elements modeling the piezoelectrics and air respectively.
Each of the elements is defined by ,
. The angular coordinate θ and natural coordinate are related as :
where N S = (1-ξ)/2 and N T = (1+ξ)/2. Hence,
It should be remarked that the displacement and electric potential continuity at the interfaces of different materials should be maintained at C 0 . Any higher order continuity would lead to continuous strain and electric field. Consequently, the traction and charge reciprocity conditions at the interfaces of different media can never be satisfied. With respect to the parametric assumption in Eqn.(4), the element displacement and electric potential can be assumed as:
Thus,
where is the third order identity matrix, 
In matrices and 
in which j = S, 1, … , n, T and . On the other hand, the electric field and electric displacement in an element modeling air can be derived from Eqn. (9) by invoking conditions (c7) and (c8) in Section 2 as : 
By substituting Eqn. (9) to Eqn. (13) 
where I is the identity matrix with order equal to dim.(q). As the matrix in the left hand side of the equation is not symmetric, the eigensolutions need not be real.
F.E. FORMULATION FOR IMPERMEABLE NOTCH IN PIEZOELECTRICS
The permittivity for most piezoelectrics are larger than that of air o ∈ by more than one order of magnitude. By neglecting , electric displacement inside the air would be zero. The last two charge-reciprocity conditions in (c5) of Section 2 become the charge-free conditions, i.e. A 
where matrices have been defined in Eqn. (14). A second order characteristic equation of the same form as Eqn. (15) can be formed after assembling the matrices in Eqn.(18).
F.E. FORMULATION FOR CONDUCTING CRACK IN PIEZOELECTRICS
It is argued that the air gap or the crack can be practically conducting when the crack angle is sufficiently small even for the low permittivity of air. Thus, the crack faces will be equipotential and air does not need to be modeled electrically. The condition considered here is another case of uncoupled air and piezoelectrics. The characteristic equation formed for impermeable notch can equally applied to the present case except that the one of the two nodal generalized electric potentials at θ CA and θ AB have to be condensed from equation by the following equal-potential constraint :
NUMERICAL EXAMPLES
A number of examples will be studied to demonstrate the efficacy of the devised finite element procedures. Only the eigenvalues whose real parts are within minus unity and zero, i.e. Re(λ) ∈ [-1,0], will be reported. For Re(λ) ≥ 0, the stress and electric displacement are not singular. For Re(λ) < -1, the electromechanical energy stored in the material is unbounded and the corresponding eigensolutions are rejected on physical ground. Unless specified, the number of bubble modes in all elements are set to seven with which the eigenvalues have converged at least to the sixth significant figures. All the computations are conducted in double precision that employs sixteen significant figures.
Tables 1a and 1b list the non-zero stiffness, piezoelectric and permittivity coefficients of the media to be considered (see Kuo & Barnett 1991; Park & Sun 1995) 
and 2 12 2 2 
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Alternatively, preconditioning techniques can be applied to the characteristic matrix equation to yield better conditioned system matrices.
Impermeable and Conducting Cracks in Homogeneous Piezoelectrics
The homogeneous piezoelectrics is modeled by two equal-sized elements as shown in Figure 2a .
The poling direction is aligned with z-axis. The numbers of bubble modes n A and n B insides the two elements are varied and the results are listed in Table 2 and Table 3 for impermeable Gaussian rules, the consumed CPU times are less than 0.98 and 1.12 seconds respectively for all the cases in Tables 2 and 3 . The eigenvalues yielded by the two integration schemes agree with each other up to the seventh significant figure. n n = = ) conducting ditto ditto nil
( 6 )
A B n n = = impermeable -0.500000, -0.499999 -0.500000 -0.500000
A B n n = = conducting ditto ditto nil
( 7 )
A B n n = = impermeable -0.500000, -0.500000 -0.500000 -0.500000
A B n n = = conducting ditto ditto nil 
A B n n = = impermeable -0.500000, -0.500000 -0.500000 -0.500000 67 ( 7 ) A B n n = = conducting ditto ditto nil
Impermeable Interfacial Cracks
Following the example of Kuo & Barnett (1991) , impermeable interfacial cracks between dissimilar piezoelectrics are considered. For each of the materials, only one element is employed as shown in Figure 2a . To compare the present results directly with that of Kuo & Barnett, the displacement and electric potential are taken to be proportional to r λ in and only in the present example (see Eqn. (4)). Hence, the real parts of the λ's associated with the physical singular fields would be bounded by zero and unity. Besides using different combinations of materials, the principal material directions (3 being the poling direction) are also varied and their direction cosines with respect to x-, y-and z-coordinates are respectively given as first, second and third rows of matrices in Table 4 . Kuo & Barnett's results were obtained by forming a system of nonlinear equations using Stroh's formalism and the notion of surface impedance tensor. The equation system is then solved numerically by a LINPACK subroutine. It can be seen that the two sets of eigenvalues given by the present finite element method and Kuo & Barnett (1991) are in excellent agreement. 
Permeable and Impermeable Notches in Homogeneous Piezoelectrics
The homogeneous piezoelectrics is modeled by two equal-sized elements whereas air gap is also modeled by two equal-sized elements as shown in Figure 2b . Only small but finite notch angles are considered. The configurations mimics the cases of non-slit cracks (for cracks or slit crack, the notch angles are taken to be zero) or cracks opened by electromechanical loading. To our best knowledge, the eigensolution problem of permeable notches or cracks in which the air permittivity is taken into account has not been studied. Highly converged results are obtained by using nine and two bubble modes in the piezoelectric and air elements, if any, respectively. As the conducting boundary condition is no more realistic for finite notch anlges, it will be excluded in this subsection.
With z taken to be the poling direction, Tables 5 and 6 list the computed eigenvalues for PZT-4 and cadmium sulfide, respectively. Same as Section 7.1, the eigenvalues for modes I and II fractures are insensitive to the electric boundary conditions as proven in Appendix B. Under the impermeable condition, only and φ are non-zero for mode III and mode IV, respectively. Under the permeable condition, and φ are coupled. Mode IV is taken to be the one dominated by nonzero φ. and cadmium sulfide are respectively ≈550 and ≈9, it can be seen in Tables 5 to 8 that the mode IV singularity strength of the former is markedly stronger than that of the latter under the permeable condition. Noting that the strength reduces as the crack or notch angle reduces, the impermeable condition does not appear to be a realistic assumption for both PZT-4 and cadmium sulfide.
Interestingly, the conducting condition is more realistic than the impermeable condition for cadmium sulfide. These findings are of use when nonlinear electric phenomena such as domian switching and electric saturation are considered. 
CLOSURE
An one-dimensional finite element procedure is formulated for determining the eigen-solutions of the electromechanical field problem. The procedure is validated by comparing its predictions with other established results and employed to study permeable notches which has aroused considerable attention (Dunn 1994; Hao & Shen 1994) . For small crack or notch angle, it is noted that the impermeable condition does not appear to be realistic. These findings are of interest when nonlinear electric phenomena such as domian switching and electric saturation are considered.
Compared to various analytical approaches, the developed procedure is versatile and can readily be applied to study the eigensolutions for a large variety of configurations such as piezoelectrics/ piezoelectrics and piezoelectric/metal interfaces in bimorph and multi-stack actuators. as shown in Figure 6 , the following divergence theorems can be obtained : 
